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ABSTRACT
Non-linear dynamic effects are the most dangerous processes endangering structures during a seismic
attack. Among them, auto-parametric non-linear vibration in state of post-critical auto-parametric resonance can lead to collapse particularly in case of high slender systems or large dynamically sensitive
structures. The main cause of these effects is a strong vertical component of an earthquake excitation in
epicentre area. In sub-critical linear regime vertical and horizontal response components are independent
and therefore no horizontal response component is observed in such case. If the amplitude of a vertical
excitation in a structure foundation exceeds a certain limit, a vertical response component loses dynamic
stability; dominant horizontal response component arises and can lead to failure of the structure.

INTRODUCTION
The various non-linear dynamic effects are dangerous processes endangering structures during a seismic
shock. The non-linear auto-parametric resonance, see Tondl et. al. (2000), Hatwal et al. (1983) or Bajaj et al. (1994), can lead to collapse particularly in case of high slender systems or large dynamically
sensitive structures. The main cause of these effects is a strong vertical component of an earthquake excitation in epicentre area. In sub-critical linear regime the vertical and horizontal response components
are independent and, therefore, no horizontal response is observed. The semi-trivial solution, in which
all but the vertical component are zero, gives a full image of the structure behaviour. If the frequency of a
vertical excitation in a structure foundation finds in a certain interval and its amplitude exceeds a certain
limit, the vertical response component loses dynamic stability and dominant horizontal response component is generated, e.g., Benettin et al. (1980), and can lead to failure of the structure. This post-critical
regime (auto-parametric resonance) follows from the strong non-linear interaction between vertical and
horizontal response components. Consequently, in such a case the widely used linear approach usually
does not provide any interesting knowledge.
The purely vertical excitation of an existing structure, as assumed in the current work, is mostly an
idealisation of a certain type of seismic ground motion. On the other hand, significance of the vertical seismic component is regularly mentioned in the literature in since late 1990s (e.g., Broderick and
Elnashai (1995), Elnashai and Papazoglou (1996), for comprehensive review see Ambraseys and Douglas (2000)). The dominant vertical character of a seismic motion has been repeatedly reported (e.g.,
Carydis et al. (2012)) being caused due to local site conditions. Moreover, in reality the mild horizontal
component could help to start up the auto-parametric resonance.
Many studies dealing with analytical, numerical as well as experimental aspects of auto-parametric
systems and their applications are available. They are given mostly by Tondl and co-authors, see for
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Figure 1: Outline of an auto-parametric model with a continuous vertical console
instance monograph (Tondl et. al., 2000). Certainly, many other authors contributed to this topic significantly, see, Bajaj et al. (1994), Hatwal et al. (1983), etc. The seismic type broadband random nonstationary excitation can be particularly dangerous and amplify these effects. From viewpoint of rational
dynamics the problem is of the inverse pendulum type.
Auto-parametric systems similar to the presented one have been studied during recent years, see, e.g.,
authors papers Náprstek and Fischer (2008, 2009, 2011). The mathematical models used in these studies
idealised the vertical structure as one concentrated mass related with the basement by a massless spring.
However, the easily deformable tall structures are the most sensitive regarding effects of auto-parametric
resonance. Therefore the structure itself is modelled as a console with continuously distributed stiffness and mass in order to respect the whole eigen-value spectrum, see (Náprstek and Fischer, 2012).
Concerning subsoil conventional model including internal viscosity can be retained.
Outline of the paper is as follows: In the next section, the mathematical model of the structure is
defined. The section 3 presents theoretical formulation of the semi-trivial solution and its stability limits;
in the section 4 are commented the resonance properties of the model. The section that follow show
numerical examples. Some conclusions are presented in the last section.

THEORETICAL MODEL
The differential system describing the model outlined in the Figure 1 can be deduced in the form of
Lagrange equations for the kinetic and potential energies of the moving system. The formulation follows:

1
T (t) = M(ẏ2 (t)+r2 ϕ̇ 2 (t))+
2
Zl
1
+ µ [(ϕ̇(t)x + u̇(x,t))2 + ẏ2 (t) − 2ẏ(t)(ϕ̇(t)x + u̇(x,t)) sin ϕ(t)]dx,
2

(1a)

0

1
U(t) = Mg · y(t)+ C((y(t) − y0 (t))2 + r2 ϕ 2 (t))+
2
l
Z

+µg

1
[y(t) − x(1 − cos ϕ(t)) − u(x,t) sin ϕ(t)]dx + EI
2

0

Zl
0

2

2

u00 (x,t)dx.

(1b)

where:
y = y(t), ζ (t) = y(t)/l – vertical displacement of the B point and its non-dimensional form;
y0 = y0 (t), ζ0 (t) = y0 (t)/l – kinematic excitation (seismic process) and non-dimensional form;
ϕ = ϕ(t) – angular rotation of the system in the B point;
u = u(x,t), ψ(ξ ,t) = u(x,t)/l – bending deformation of the vertical console and non-dimensional form;
M – foundation effective mass;
C – subsoil effective stiffness;
µ, m = µl – console uniformly distributed and total mass;
EI – console bending stiffness (constant);
ηc , ηe – viscous damping parameters of the C, EI stiffness following Kelvin definition;
r, l, ρ = r/l – geometric parameters;
x, ξ = x/l – length coordinate along the console.
The material damping of the console is considered to be proportional. Therefore its deformation can
be expressed in a form of a convergent series in dimensionless coordinates:
n

ψ(ξ ,t) = ∑ αi (t) · χi (ξ ) ,

(ψi (x) = l · χi (ξ )),

(2)

i=1

where the basis functions χi (ξ ) are eigen-functions (eigen-forms) of the differential equation:
χiiv (ξ ) + λi χi (ξ ) = 0,

(λi /l)4 = µωi2 /EI

(3)

Boundary conditions are valid for a console beam: χi (0) = 0, χi0 (0) = 0, χi00 (1) = 0, χi000 (1) = 0. The
proportional damping makes time coordinates αi (t) independent. Thus, if the damping is sub-critical the
phase shift of each eigen-form is constant over the whole definition interval.
Adopting assumption of a small rotation ϕ, an approximate Lagrangian system for components
ζ (t), ϕ(t) and αi (t) can be obtained after applying the Hamilton’s principle:

h
i
n 

d
1 d2
2
¨
(ϕ(t)α̇i (t)) θ0,i + ω02 ζ (t) − ζ0 (t) + ηc (ζ˙ (t) − ζ˙0 (t)) = 0, (4a)
ζ (t) − κ0 2 ϕ (t) −κ0 ∑
4 dt
i=1 dt
 i

n h
1
ϕ̈(t) − κ1 ζ¨ (t)ϕ(t) + κ1 ∑ α̈i (t)θ1,i + ζ˙ (t)α̇i (t) − ω22 αi (t) θ0,i + ω12 [ϕ(t) + ηc ϕ̇(t)] = 0 (4b)
2
i=1

 

d ˙
2
α̈i (t) · θ2,i + ϕ̈(t) · θ1,0 −
ζ (t)ϕ(t) + ω2 ϕ(t) · θ0,i + ω32 [αi (t) + ηe α̇(t)] θ3,i = 0, (4c)
dt
where
m
,
M+m
C
ω02 =
,
M+m
κ0 =

κ1 =

m
Mρ 2 + m/3

ω12 =

Z1

θ0,i =

(5a)

Cρ 2
,
Mρ 2 + m/3

g
ω22 = ,
l

Z1

χi (ξ )dξ ,
0

,

Z1

ξ χi (ξ )dξ ,

θ1,i =

θ2,i =

0

0

ω32 =

χi2 (ξ )dξ ,

EI
ml 3

(5b)
Z1

θ3,i =

(χi00 (ξ ))2 dξ .

(5c)

0

The eigen-functions of Eq. (3) with respective boundary conditions have a detailed form as follows:
χi (ξ ) = (C1 · cos λi ξ +C2 · sin λi ξ +C3 · chλi ξ +C4 · shλi ξ , )
3

(6)

where the constants C1 , . . . ,C4 are defined as
C1 = sin λi shλi ,

C2 = − sin λi chλi − cos λi shλi ,

C3 = − sin λi shλi , C4 = sin λi chλi + cos λi shλi .
The coefficients λi = 1.8751, 4.6941, 7.8548, 10.9955, ......, are solutions of the transcendent equation:
chλi · cos λi + 1 = 0.

(7)

The analytical form of parameters θ j,i in Eq. (5c) can be carried out. However, the expressions are
complicated and do not bring any advantage compared to numerical solution.
The differential system (4) relates components ζ (t), ϕ(t) and αi (t) and describes the time dependent
behaviour of the structure. Although the console bending is considered linear, the components αi (t)
are non-linearly related to ζ (t), ϕ(t). However, the mutual link of αi (t) components is not complicated
because the relevant eigen-forms χi and their second derivatives χi00 in the meaning of Eq. (3) and
respective boundary conditions are orthogonal. This fact follows from linearity of the bending component
and proportionality of its damping.
Concerning the excitation process ζ0 (t), it will be considered as harmonic in order to investigate
limits of stable semi-trivial and post-critical regimes. When transformed into the dimensionless form, it
can be written:
y0 = A0 sin ωt ⇒ ζ0 = a0 · sin ωt , A0 = a0 · l
(8)
Let us assume that the stationary semi-trivial solution exists. It can be written as follows:
ζs = ac · cos ωt + as · sin ωt ,
ϕ =0,

(9)

αi = 0
Substituting Eqs (9) into the system (4), Eqs (4b) and (4c) are satisfied identically, while Eq. (4a) using
obvious modifications provides the coefficients ac , as :
ac = −

a0 ω02 3
a0 ω02 2
ω ηc , as =
(ω0 − ω 2 + ω02 ω 2 ηc2 ) , δ = (ω 2 − ω02 )2 + ω04 ω 2 ηc2
δ
δ

(10)

Expression (9) together with coefficients (10) represents an approximate simple linear stationary solution
of the single degree of freedom (SDOF) system, which moves in vertical direction and which is excited
kinematically in the point B. The resonance curve of the response amplitude has the form:
R20 = a2c + a2s =

a20 ω04
(1 + ω 2 ηc2 )
δ

(11)

Stability of the semi-trivial solution (9) can be verified using the linear perturbation approach. To
proceed, let us supplement the assumed semi-trivial formula (9) with a small harmonic perturbation in
each component:
ζ (t) = ζs (t) + q(t) ,
ϕ(t) = 0 + p(t) ,
αi (t) = 0 + si (t) ,

q(t) = qc (t) cos ωt + qs (t) sin ωt ,
1
1
p(t) = pc (t) cos ωt + ps (t) sin ωt ,
2
2
1
1
si (t) = sc,i (t) cos ωt + ss,i (t) sin ωt .
2
2

(12a)
(12b)
(12c)

The perturbation amplitudes qc (t), qs (t), ... are supposed to be small in absolute value. The argument (t)
will be omitted in further text whenever possible (ζ , ϕ, αi , q, qc , qs , ...) etc.
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Introducing expression (12a) into Eq. (4a) and taking into account that ζs represents the semi-trivial
solution, following equation for perturbation q can be extracted:
q̈ + ω02 (q + ηc q̇) = 0

(13)

Eq. (13) is linear and homogeneous. If ηc > 0, its stationary solution vanish for sufficiently large t.
Thus, the vertical response component ζ remains independent and stable in the neighbourhood of the
semi-trivial solution ζs (on the level of the linear perturbation approach).
Using perturbed form of the semi-trivial solution (12) in Eqs (4b,c) and keeping only the linear terms
of perturbations p, si and respecting that q ≡ 0, the following differential system can be obtained:

i
n h
1
p̈(t) − κ1 ζ¨s (t)p(t) + κ1 ∑ s̈i (t)θ1,i + ζ˙s (t)ṡi (t)θ0,i − ω22 si (t)θ0,i + ω12 (p(t) + ηc ṗ(t)) =0,
2
i=1


¨
s̈i (t)θ2,i + p̈(t)θ1,i − ζs (t)p(t) + ζ˙s (t) ṗ(t) θ0,i − ω22 θ0,i p(t) + ω32 θ3,i (si (t) + ηe ṡi (t)) =0.

(14a)
(14b)

The system (14) is of the Mathieu type (with parametric excitation) and its solution stability should
be verified, cf. for instance (Abarbanel et al., 1990) or (Xu and Cheung, 1994).
The perturbations p(t), si (t) in Eqs (14) will be replaced by means of their first harmonics, see Eqs
(12). The number of unknown functions is doubled by this step. Thus it allows to formulate additional
conditions. A common choice in the harmonic balance procedure is the following expression for the first
derivatives of the general solution (12):
q̇(t) = −qc (t)ω sin ωt + qs (t)ω cos ωt
1
1
1
1
ṗ(t) = − pc (t)ω sin ωt + ps (t)ω cos ωt
2
2
2
2
1
1
1
1
s˙i (t) = − sc,i (t)ω sin ωt + ss,i (t)ω cos ωt
2
2
2
2

(15)

Substituting the expressions (12) into (14), taking into account the new conditions (15) and applying
the harmonic balance procedure, the following differential system of the first order can be obtained for
parameters ps , pc , ss,i , sc,i :
Mu̇ = Hu

(16)

where u = (ps , pc , ss,1 , sc,1 , . . . , ss,n , sc,n )T is the vector of unknown functions and the coefficient matrices
M, H are given as (n is a number of eigen-vectors taken into account)



1
κ1 J,

θ1,1 J, θ1,2 J, · · ·

θ1,n J


 θ1,1 J, θ2,1 J,
0, · · ·
0


.
..
M=ω
0, θ2,2 J, 0,
 θ1,2 J,

..
..
..

.
.
.
0

θ1,n J,
0,
· · · 0, θ2,n J








,
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1
H= 
2




P,

S1 ,

S2 ,

···

Sn

S2 , 0,
..
..
.
.

··· 0
.
.
D2 , . . ..
.. ..
.
. 0

Sn , 0,

···

S1 , D1 , 0,

0,

Dn












(17)

and the sub-matrices P, Si , Di , J ∈ R2×2 have a form as follows:
P=

Si =

Di =

!

−ω(ωas + 2ω12 ηc κ1−1 ),
ω 2 − 4ω12 κ1−1 − ω 2 ac
,

ω 2 − 4ω12 κ1−1 + ω 2 ac , −ω(ωas − 2ω12 ηc κ1−1 )
!

θ1,1 ω 2 + 4ω22 − ω 2 ac θ0,1

−ω 2 as θ0,1 ,


θ1,1 ω 2 + 4ω22 + ac ω 2 θ0,1 , −ω 2 as θ0,1

−2ωηe ω32 θ3,i ,

ω 2 θ2,i − 4ω32 θ3,i

ω 2 θ2,i − 4ω32 θ3,i , 2ωηe ω32 θ3,i

!
,

J=

1,

0

0, −1

,

(18)

!
.

As can be seen from the structure of the individual matrices in Eq. (18), the differential system is
linear and its stability can be checked using usual approaches. It can be shown that the determinant of
the matrix M for a given n and ω > 0 does not change sign, and thus the matrix M is always regular and
invertible. Consequently differential system (16) can be rewritten formally in a normal form
u̇ = M−1 Hu

(19)

and its stability can be checked using eigenvalue analysis. As the signum of the determinant det(M) does
not depend on system parameters, the matrix H can be used instead of the full matrix in Eq. (19).
The differential system Eqs (16) is meaningful only if the system response is at least nearly stationary
in order to be entitled to use the harmonic balance method. Thus, the functions pc , ps , sc,i , ss,i , are functions of the ”slow time” and although they are dependent on time, it should pe possible to approximate
them by constants at least within one period. Otherwise, the harmonic balance method is inapplicable
and the system (20) becomes meaningless. In case of non-stationary or even chaotic response, see, e.g.,
papers (Abarbanel et al., 1990; Baker, 1995; Hatwal et al., 1983).
In case of stationary response the generalised amplitudes u can be considered to be constants. Thus,
u̇ = 0 and differential system (16) changes into an algebraic equation of dimension (2n + 2) × (2n + 2):
Hu = 0.

(20)

The block character of the matrix H (17) allows to eliminate the sub-vectors si = (ss,i , sc,i )T . Following
system of dimension 2 × 2 for unknown vector p = (ps , pc )T then can be obtained:
n

(P − ∑ Si · D−1
i · Si ) · p = 0

(21)

i=1

Although expression (21) is complicated, the inversions D−1
exist for every i because det(D) is for
i
ηe > 0 always negative. Indeed, if ηe = 0, the determinant det(D) vanish for
ω = 4ω32

θ3,i
EI θ3,i
=4 3
,
θ2,i
ml θ2,i

(22)

i.e. when ω relates to the ith eigen-frequency of the console (ωc,i = λi ω3 ). The constant ratios θ3,i /θ2,i
are approximately 0.0809, 0.00206, 0.00026, 0.00007, . . . for i = 1, 2, . . ..
Each of the both versions, (20) or compact (21), is suitable for a particular purpose. For instance
the basic stability analysis can be performed employing the compact version of the system (21). The
eigen-vectors p( j) can be computed using the compact system, whereas the sub-vectors si( j) can be then
subsequently computed by back substitution in the large version of the system (20).
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A non-trivial solution u of the system (20) exist if and only it the determinant det(H) vanishes. Using
the compact form Eq. (21) the determinant det(H) can be written as
!
n

det(H) = det P − ∑ Si · D−1
i · Si
i=1

n

∏ det (Di )

(23)

i=1

As the individual det(Di ) are non-zero, the first term in the product (23) is most significant. Its zero value
governs the existence of non-trivial u in (20) and indicates instability of the system.

RESONANCE PROPERTIES
In order to analyse the resonance properties of the stationary solution of the basic system (4) we assume
the response of the system in a form analogical to expressions (12):
ζ (t) = ac (t) cos ωt + as (t) sin ωt ,
1
1
ϕ(t) = pc (t) cos ωt + ps (t) sin ωt ,
2
2
1
1
αi (t) = sc,i (t) cos ωt + ss,i (t) sin ωt .
2
2

(24a)
(24b)
(24c)

Because an influence of the higher eigen-forms of the console can be expected as negligible, for sake of
simplicity we will assume n = 1, i.e. single eigen-form is taken into account.
For the harmonic balance procedure we employ the additional conditions (15) once again. The differential system resulting from the harmonic balance procedure will be non-linear in this case. The vector of
unknowns will be denoted as x = (as , ac , ps , pc , ss,1 , sc,1 ), where the implicit dependence on t is assumed.
The differential system can be symbolically written as
Nẋ = F(x)

(25)

The structure of the system matrix N is analogical to structure of the matrix M in Eq. (17), however, it
comprises amplitudes ps , pc . Because we are interested in the stationary solution, which is characterised
by ẋ = 0, the detailed structure of M will be omitted here. The function F(x) on the right hand side of
Eq. (25) reads:
F(x) =



 

ps 14ac ω 2 + κ51 (ω 2 − 4ω12 ) + 2pc 2as ω 2 + κ51 ηc ω12 ω −




−ss,1 (4ac θ0,1 − 5θ1,1 )ω 2 − 20ω22 θ0,1 − 14as sc,1 θ0,1 ω 2 
 






 pc 2ac ω 2 − κ5 (ω 2 + 4ω12 ) + 2ps 4as ω 2 + κ5 ηc ω12 ω +



1
1



2
2
2

+sc,1 (8ac θ0,1 − 5θ1,1 )ω − 20ω2 θ0,1 + 2as ss,1 θ0,1 ω  (26)




22p a θ ω 2 + p (32a θ + 5θ )ω 2 + 20ω 2 θ

2
2
2
c s 0,1
s
c 0,1
1,1

2 0,1 + 10ηe ω3 sc,1 θ3,1 ω + 5ss,1 ω θ2,1 − 4ω3 θ3,1 




14ps as θ0,1 ω 2 − pc (4ac θ0,1 + 5θ1,1 )ω 2 + 20ω22 θ0,1 + 10ss,1 ηe ω32 θ3,1 ω − 5sc,1 ω 2 θ2,1 − 4ω32 θ3,1 






κ0 ω 2 2θ0,1 (pc sc,1 − ps ss,1 ) + p2c − p2s + 8ω02 ωηc as + 8 ω02 − ω 2 ac + 8ω02 ωηc a0


2
2
2
2
2
κ0 ω (θ0,1 (ps sc,1 + pc ss,1 ) + pc ps ) − 4ω0 ωηc ac − 4 ω − ω0 as − 4ω0 a0

The stationary solutions can be obtained as the solutions to the algebraic equation
F(x) = 0

(27)

Roots of the systems (27) should be sought via appropriate numerical procedure. There will be always
several real roots for a single excitation frequency ω and amplitude a0 . Among them, the semi-trivial
solution (10) is always present as a simple real root.
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Figure 2: The stability limits in the (ω, a0 ) plane of the semi-trivial solution including none (dashed green
line) and one (dot-dashed magenta line) console eigen-form (n = 0, 1) for varying bending stiffnesses of
the console. Other system parameters: m = 1, M = 10,C = 11, ρ = 1/5, l = 40ρ and dampings ηc =
0.05, ηe = 0.05. Greyish areas correspond to the unstable configurations.
Time coordinate has been eliminated in the Eq. (27), so the individual roots can be considered to be
dependent on the excitation frequency ω. Thus, the resonance curves of the individual components of
the original system can be presented as the frequency/amplitude plots of the following quantities
R2 = a2c + a2s ,

P2 = p2c + p2s ,

Si2 = s2c,i + s2s,i

(28)

where the R, P, S are amplitudes of vertical movement, angular rotation and bending of the console,
respectively.
Stability of the particular solution/resonance curve should be assessed by evaluating the Jacobi determinant det(∂x F) for particular x. Negative value of the Jacobian indicates stable solution. The sample
analysis will be presented below.

NUMERICAL EXAMPLE
In this section we show application of the described analysis. The parameters of the structure in the
Figure 1 were selected artificially and do not correspond any real case. Instead, various combinations of
values were applied in order to obtain typical results concerning stability of the solutions.
Performance of the stability indicator Eq. (21) is shown in Figure 2. Each plot in the figure shows
the stability limits in the (ω, a0 ) plane for selected bending stifnesses of the console EI = 95, 500, 2500
in figures (a), (b), (c), respectively. Zero trace of the determinant of the compact matrix Eq. (21) considering none or one console eigen-form is shown as a dot-dashed magenta line and dashed green line,
respectively. The plots are supplemented by results of a numerical solution to the original approximate
Lagrangian system (4) for n = 3. The greyish area shows (ω, a0 ) configurations, where the response
rises continuously; this violates the stability assumption and leads to failure of the structure. The correspondence between the stability limit for n = 1 and the numerically obtained failure is fairly good for
lower excitation frequencies for all bending stifnesses. The dot-dashed magenta (case n = 0) is the same
in every plot (it does not depend on the bending stiffness), whereas the green dashed line (case n = 1)
approaches the undeformable case (n = 0) for increasing EI. The ”isola” in the plot (a) moves to higher
frequencies for increasing EI and is missing from the plot (b). However, the numerical solution shows
a diverging isola in case (b) for rather low excitation amplitudes. It is relevant to note that although
the numerical simulation procedure considered n = 3 eigen-forms, contribution of the second and third
eigen-form was negligible. This confirms the simplifying assumption from beginning of the preceding
section.
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Figure 3: The numerically computed maximal amplitudes of the individual components of the response
in the (ω, a0 ) plane. White (empty) areas indicate the unstable configurations, levels of gray correspond
to the relative maximal amplitude in the respective component. For dashed and dot-dashed lines, cf.
Figure 2. Model parameters as in Figure 2, EI = 95.
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Figure 4: The resonance curves of the stationary solution in individual components of the response: blue
solid lines – stable solution, red dashed lines – unstable solution. Model parameters as in Figure 3,
a0 = 0.2.
Figure 3 is presented as a supplement of Figure 2(a). It shows the numerically computed maximal
amplitudes of the individual components of the response in the (ω, a0 ) plane. On contrary to Figure2,
the white (empty) areas indicate the unstable configurations, where the response cannot be reasonably
determined. Levels of gray correspond to the relative maximal amplitude in the respective component.
Here darker color indicate higher values of response, the black areas show the configuration, where the
maximal amplitude for the particular component is reached. In this figure can be seen better than in the
previous one that the lower end of the theoretical isola is well respected by the numerical results. On
the other hand, stability indicators based on determinants of system matrices in Eq. (20) or (21) give
evidence only on the validity of the semi-trivial solution. Their information value regarding parameters
ϕ or αi is very limited.
The resonance properties of the stationary solution are illustrated in Figure 4. The three plots show
non-trivial solutions of the algebraic system (27) for a single excitation amplitude a0 = 0.2. The semitrivial solution is the lowest curve in the left graph (ζ ), it has no corresponding lines in the other plots.
The other roots have all three (resp. six) components non-trivial. Stability of the individual traces
has been checked via evaluation of the Jacobian. The stable solutions are shown as solid blue curves
in Figure 4 and the unstable solutions are indicated as dashed red lines. Care should be taken when a
multiple solution is found. It can have stable and unstable branches simultaneously. This type of solution
usually cannot be reached in practice.
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CONCLUSIONS
The auto-parametric resonance effect, which affects the easily deformable tall structures like chimneys,
towers or masts, is studied in detail. If the amplitude of a vertical excitation in a structure foundation
exceeds a certain limit, a vertical response component loses stability and dominant horizontal response
component arises. This post-critical regime (auto-parametric resonance) follows from the non-linear
interaction of vertical and horizontal response components and can lead to a failure of the structure.
Although the purely vertical seismic excitation at a large scale is mostly an hypothesis, some particular
cases at a lower scale have been repeatedly reported being caused due to local site conditions.
Hamiltonian functional is formulated and subsequently respective Lagrangian governing system is
set up. Differential system shows that horizontal and vertical response components are independent
on the linear level. Their interaction takes place due to non-linear terms in post-critical regime only.
The semi-trivial solution is identified and its stability is studied using the harmonic balance procedure.
Performance of the determinant-based criterion is compared to the numerical simulation. It is found that
especially in the area close to the first eigen-frequency of the structure is the criterion acceptable.
The individual resonance curves, which determine the stationary solutions in the (ω, a0 ) (excitation
frequency vs. amplitude) plane, are determined via solution to the non-linear algebraic equation. Their
stability or instability is checked using the corresponding Jacobian.
The general methods combining analytical and numerical approaches were developed and used. Their
applicability and shortcomings are commented. A few hints for engineering applications in a design
practice are given.
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